Abstract. We give explicitly recurrence relations satis ed by the connection coe cients between two families of the classical orthogonal polynomials of a discrete variable on a non-uniform lattice x(s) = q 2s (i.e., the q-analogues of Charlier, Meixner, Krawtchouk and Hahn polynomials), in terms of the coe cients and of the Pearson equation satis ed by the weight function %, and the coe cients of the three-term recurrence relation and of two structure relations obeyed by these polynomials.
Introduction
Let fP k (x)g be any system of the classical orthogonal polynomials of a discrete variable, orthogonal on the exponential lattice x = x(s) := q 2s (s 2 f0; 1; : : : ; B ? 1g) with q = e ! , B?1 X s=0 P k (x(s))P l (x(s))%(s) x(s ? We are looking for a formula of the type P n = n X k=0 c n;k P k ; (1.1) where fP k g and f P k g are any two families of classical orthogonal polynomials. Stanislaw . Lewanowicz@ii.uni.wroc.pl The coe cients c n;k in (1.1) are called the connection coe cients between the polynomials fP k g and f P k g (see 4 ], Lecture 7).
In a recent paper 3], an algorithmic way has been proposed of obtaining a recurrence relation (in k) of the form Lc n;k r X i=0 A i (k) c n;k+i = 0:
Now, the coe cients c n;k can be found by use of this recurrence relation in the backward direction (see 11], x7.2).
In the present paper we propose an alternative technique of derivation of the recurrence relation (1.2), based on an generalization of an idea introduced in 8] (see also 5]). The di erence operator L is given in terms of the coe cients and of the di erence Pearson equation for the weight %, and the coe cients of the three-term recurrence relation and of two structure relations obeyed by fP k g (see theorems 3.1 and 3.6). Also, it should be stressed that the order r of the obtained recurrence relation is signi cantly lower than in 3]. Applications of the result to some pairs of the classical discrete orthogonal polynomials are given.
2 Properties of the classical orthogonal polynomials
Basics of classical orthogonal polynomials of a discrete variable
For the sake of compactness, the following notation will be used in the sequel: 
(k = 0; 1; : : : ; P ?1 (x(s)) 0; P 0 (x(s)) 1) we need ve other properties. Second, for arbitrary n, the polynomial P n obeys the second order di erence equation 
(2.29)
Here P stands for P(x(s)).
Proof. We shall use the notation
In view of (2.7) and (2.21), identity (2.24) is obviously true. We will prove the identity (2.25). Using (2.14), summing by parts, and then using (2.18) and the equationD Hence follows the identity (2.27).
Identity (2.28) may be proved in an analogous way. Using (2.11), (2.27), and (2.26), we have
This proves the validity of (2.29). A i (k) c n;k+i = 0;
obeyed by the connection coe cients c n;k in P n = n X k=0 c n;k P k :
Obviously, c n;k are the Fourier coe cients a k P n . Let us write b n;k := b k P n = d 2 k c n;k : 3.1 Connection between q-Charlier, q-Meixner and q-Krawtchouk families
Now we consider the case where none of the families fP k g, f P k g is a Hahn family. We will prove the following. Proof. Under the assumptions of the theorem, we have =~ (cf., e.g., 9, Table 3 .3], or 1]), so that equation (3.7) simpli es to L n P n (x(s)) = L n P n (x(s)) + (x(s))D P n (x(s)) + ( n ? n ) P n (x(s)); which can be rewritten in the form L n P n (x(s)) = L n P n (x(s)) + D (x(s ? 1)) P n (x(s))] + { P n (x(s)) with { := n ? n ? D (x(s ? 1)) = n ? n ? 0 q ?2 . Using this result in the equation b k L n P n = 0; (3.13) whereL is the di erence operator given in (3.9). The speci c expressions for , , k as well as the forms for the coe cients of the operators X (see (2.21)) and D (see (2.22)) for the monic q-Meixner polynomials are given in Table 1 (see Appendix).
The coe cients c n;k in (3.16) satisfy equation ( remains valid in this case, as we have =~ , which is the only assumption used explicitly in the proof of the theorem.
The case 6 = is discussed in the following theorem. Theorem 3.6 Let fP k g and f P k g be such two sequences of classical orthogonal polynomials that (i) exactly one of the sequences belongs to the Hahn family, or (ii) fP k g, f P k g are both in the Hahn family, P k = Q k ( ; ; ; N; q), P k = Q k ( ; ; ; N; q), with 6 = , or N 6 = N.
The coe cients b n;k := b k P n = d 2 k c n;k , where c n;k 's are the connection coe cients in P n = n X k=0 c n;k P k ; (3.19) satisfy the fourth-order recurrence relatioñ Lb n;k = 0; Proof. Notice that the assumptions of the theorem imply that 6 = (cf., e.g., 9, Table 3 .3],
or 1]).
Multiplying both sides of (3.4) by , and making use of = ~ , we write L n P n (x(s)) = L n P n (x(s)) + #(x(s))D P n (x(s)) + P n (x(s)) = L n P n (x(s)) + D #(x(s ? 1)) P n (x(s)) + P n (x(s)); notation used being that of (3.22) . Now, in view of (3.4) we have 0 = b k L n P n + b k D #(q ?2 x) P n + b k P n : Applying the operator D to both sides of the above equation, and making a repeated use of Lemma 2.1, we arrive at the recurrence relation (3.20) with the operatorL given in (3.21).
Appendix. Data of the -Meixner and -Charlier polynomials 
